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Internalizing decorated bicategories: The globularily generated
condition
Juan Orendain
Abstract: This is the first part of a series of papers studying the problem of exis-
tence of double categories for which horizontal bicategory and object category are
given. We refer to this problem as the problem of existence of internalizations for
decorated bicategories. We establish a formal framework within which the problem
of existence of internalizations can be correctly formulated. Further, we introduce
the condition of a double category being globularily generated. We prove that the
problem of existence of internalizations for a decorated bicategory admits a solu-
tion if and only if it admits a globularily generated solution, and we prove that
the condition of a double category being globularily generated is precisely the con-
dition of a solution to the problem of existence of internalizations for a decorated
bicategory being minimal. The study of the condition of a double category being
globularily generated will thus be pivotal in our study of the problem of existence
of internalizations.
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1 Introduction
There exists, in the mathematical literature, a variety of competing defini-
tions of what a higher order categorical structure should be [3],[18]. Most
common amongst which are those defined by the concepts of internalization
and enrichment. These two ideas reduce, in the case of categorical structures
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of order 2, to the concepts of double category and bicategory respectively,
both types of structures introduced by Ehresmann, in [10] and [11]. These
two notions are related in different ways. Every double category admits an
underlying bicategory, its horizontal bicategory [22], and every bicategory
can be considered as a trivial double category. Both constructions admit
first order categorical extensions. The condition of a double category being
trivial can be seen as a minimizing constraint with respect to the horizontal
bicategory functor.
We are interested in the existence of operations inverse to that of horizon-
talization. Precisely, we are interested in the problem of existence of double
categories having a given bicategory as horizontal bicategory and a given cat-
egory as category of objects. We call this problem the problem of existence
of internalizations for decorated bicategories. We understand the problem
of existence of internalizations of decorated bicategories as the problem of
coherent equivariantization of 2-cells in bicategories, with respect to given
collections of vertical morphisms. Our main motivation for the study of the
problem of internalization of decorated bicategories comes from the work of
Bartels, Douglas, and Henriques on the theory of correspondences between
von Neumann algebras [4], from their theory of coordinate free conformal
nets [5],[6],[7], and from the theory of regular and extended quantum field
theories [1],[2],[19],[21].
This is the first installment of a series of papers studying the problem
of existence of internalizations of decorated bicategories. We introduce the
concepts of decorated bicategory and decorated pseudofunctor, which we use
as formal framework within which to state the problem of existence of inter-
nalizations. Further, we introduce globularily generated double categories.
We prove that the problem of existence of internalizations of decorated bi-
categories is equivalent to the problem of existence of globularily generated
internalizations, and we prove that the condition of a double category being
globularily generated is precisely the condition of a solution to the problem of
existence of internalizations being minimal. This will be our main motivation
for the study of globularily generated double categories. We interpret the
condition of a double category being globularily generated as a decorated
analog of the condition of a double category being trivial. We introduce
technical tools necessary to obtain results on the theory of globularily gen-
erated double categories, of which we make use in order to prove that the
globularily generated condition is not trivial. We present categorifications of
structures involved in the theory of globularily generated double categories
and we perform relevant computations in certain examples. The condition
of a double category being globularily generated will be our main object of
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study. We now sketch the contents of this paper.
In section 2 we recall basic concepts related to the theory of categorical
structures of second order, we introduce the concepts of decorated bicate-
gory, decorated pseudofunctor, and decorated horizontalization; we introduce
both the problem of existence of internalizations of decorated bicategories
and the problem of existence of internalization functors. We establish no-
tational conventions used throughout the paper and present examples rel-
evant to our discussion. In section 3, motivated by problems presented in
section 2 we define and study the concept of globularily generated double
category. We define the globularily generated piece construction, which we
furnish with the structure of a 2-functor. We use this to prove that the prob-
lem of existence of internalizations of decorated bicategories is equivalent to
the problem of existence of globularily generated bicategories, and that the
problem of existence of internalization functors is equivalent to the problem
of existence of globularily generated internalization functors. Further, we
prove that globularily generated double categories are precisely solutions to
problems of existence of internalizations, which are minimal. We prove that
the globularily generated piece 2-functor is a strict 2-reflector which we in-
terpret by saying that the condition of a double category being globularily
generated is a decorated analog of the condition of a double category being
trivial. In section 4 we introduce the technical framework needed in order
to obtain results on the structure of globularily generated double categories.
We introduce the vertical filtration of a globularily generated double cate-
gory and the vertical length of a globularily generated 2-morphism. We use
this technical framework to prove that the condition of a double category be-
ing globularily generated is not trivial. In section 5 we extend the definition
of vertical filtration of a globularily generated double category introduced
in section 4, to a filtration of the globularily generated piece functor. In
section 5 we use results obtained in section 3 to perform computations of the
globularily generated piece of double categories presented in section 2 thus
providing non-trivial examples of globularily generated double categories.
Precisely, we compute the globularily generated piece of double category of
oriented cobordisms, double category of algebras, and of double category of
semisimple von Neumann algebras.
Acknowledgements: The author would like to thank professor Yasuyuki
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2 Preliminaries
In this first section we recall basic concepts and set notational conventions
regarding the theory of categorical structures of second order. Further, we
introduce the concepts of decorated bicategory, decorated pseudofunctor, and
decorated horizontalization. We use this to formally present the problem of
existence of internalizations of decorated bicategories, which will serve as
motivation for the rest of the work presented in this paper. We present
examples relevant to our discussion.
Bicategories
We refer the reader to [8] and [14] for concepts related to the theory of
bicategories. Given a bicategory B, we will write B0, B1, and B2 for the
collections of 0-,1-, and 2-cells of B respectively. We will write i, ◦, and ∗
for the horizontal identity functions, and the vertical and horizontal com-
positions in B respectively. We will not make explicit use of left and right
identity transformations or associator of bicategories and will thus omit no-
tational conventions for these concepts. Nevertheless, bicategories will not
be assumed to be strict unless explicitly stated.
Given a pseudofunctor F we will write F0, F1, and F2 for the 0-,1-, and
2-cell components of F respectively. Pseudofunctors will not be assumed to
be strict, unless explicitly stated. We will write bCat for the underlying cat-
egory of the 3-category of bicategories, pseudofunctors, lax or oplax natural
transformations, and deformations between transformations.
Double categories
We refer the reader to [20] and [22] for concepts related to the theory of
double categories. Given a double category C we will write C0 and C1 for
the category of objects and the category of morphisms of C respectively.
We will denote by s, t, i, and ∗ the source, target, identity, and horizontal
composition functors of a double category C. We will again omit notational
conventions for identity transformations and associator of double categories.
Double categories will not be assumed to be strict unless otherwise stated.
Given a double category C, a 2-morphism in C is said to be globular
if its source and target are vertical identity endomorphisms. The definition
of double category that we use requires for the components of the left and
right identity transformations and of the associator of a double category to
be globular.
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Given a double functor F we will write F0 and F1 for the object functor and
the morphism functor of F respectively. Double functors will not be assumed
to be strict unless otherwise stated. Given a double natural transformation
η we will write η0 and η1 for the object and morphism components of η
respectively. We will denote the 2-category of double categories, double
functors, and double natural transformations by dCat.
Trivial double categories
Given a bicategory B, we associate to B a double category B. The cate-
gory of objects B0 of B will be the discrete category dB0 generated by the
collection of 0-cells B0 of B. Category of morphisms B1 of B will be the
pair formed by the collections of 1- and 2-cells B1 and B2 of B, with vertical
composition of 2-cells as composition operation. The obvious functors serve
as source, target, and identity functors for B. The horizontal composition
bifunctor of B will be the bifunctor generated by the horizontal composition
operation in B. The left and right identity transformations and the associ-
ator of B are given by the corresponding constraints in B. We call B the
trivial double category associated to bicategory B.
Given a pseudofunctor F between bicategories B and B′, we will denote
by F the pair formed by the functor induced by the 0-cell function F0 of F ,
from the discrete category dB0 generated by B0 to the discrete category dB
′
0
generated by B′0, and the pair F1, F2 formed by the 1- and 2-cell functions
of F . Thus defined the pair F is a double functor from the trivial double
category B associated to B to the trivial double category B
′
associated to
B′. We call F the trivial double functor associated to the pseudofunc-
tor F . The pair of functions formed by the function associating to every
bicategory B its trivial double category B and the function associating to
every pseudofunctor F its trivial double functor F is a functor from category
bCat to category dCat. We call this functor the trivial double category
functor.
Horizontalization
Given a double category C, we now associate to C a bicategory HC whose
collections of 0-,1-, and 2-cells are the collection of objects of C, the collection
of horizontal morphisms of C, and the collection of globular 2-morphisms
of C respectively. Vertical and horizontal composition of 2-cells in HC is
the vertical and horizontal composition of 2-cells in C. The left and right
identity transformations and associator of HC are induced by the left and
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right identity transformations and associator of C respectively. We call HC
the horizontal bicategory, or simply the horizontalization of C [20].
Given a double functor F from a double category C to a double cate-
gory C ′, we denote by HF the triple formed by the object function of the
object functor F0 of F , the object function of the morphism functor F1 of
F , and the restriction of the morphism function of the morphism functor F1
of F , to the collection of globular 2-morphisms of C. Thus defined HF is
a pseudofunctor from the horizontal bicategory HC associated to C to the
horizontal bicategory HC ′ associated to C ′. We call HF the horizontal
pseudofunctor, or the horizontalization, of double functor F . The pair H
formed by the function associating horizontal bicategory HC to every dou-
ble category C and the function associating horizontal pseudofunctor HF to
every double functor F , is a functor from category dCat to bCat. We call
this functor the horizontalization functor and we denote it by H.
Adjoint relation
Given a bicategory B it is trivial to see that the equation HB = B holds.
This relations extends to a functorial setting, that is, the horizontalization
functor is left inverse to the trivial double category functor. The horizon-
talization functor is not right inverse to the trivial double category functor.
A weaker relation holds nevertheless. The horizontalization functor is left
adjoint to the trivial double category functor. The trivial double category
functor is injective and faithful, and thus makes category bCat a subcat-
egory of dCat. The horizontalization functor is thus a reflector for this
inclusion.
Decorated bicategories
Given a bicategory B we say that a category C is a decoration of B if the
collection of objects of C is equal to the collection of 0-cells of B. We will
usually indicate that a category C is a decoration of a bicategory B by
writing C as B∗. We say that a pair B∗, B, formed by a category B∗ and a
bicategory B, is a decorated bicategory if category B∗ is a decoration of
bicategory B. In that case we will call B the underlying bicategory of the
decorated bicategory B∗, B.
Given decorated bicategories B∗, B and B′∗, B′ we say that a pair F,G
is a decorated pseudofunctor from B∗, B to B′∗, B′ if F is a functor
from the decoration B∗ of B∗, B to the decoration B′∗ of B′∗, B′, G is a
pseudofunctor from the underlying bicategory B of B∗, B to the underlying
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bicategory B′ of B′∗, B′, and the object function of F and the 0-cell func-
tion of G coincide. Composition of decorated pseudofunctors is performed
component-wise. This composition operation is associative and unital and
thus provides the pair formed by collection of decorated bicategories and
collection of decorated pseudofunctors with the structure of a category. We
denote this category by bCat∗.
Decorated horizontalization
We extend the construction of the horizontalization functor H to a functor
from category dCat to category bCat∗. Given a double category C, we
denote by H∗C the pair formed by the object category C0 of C and by the
horizontal bicategory HC of C. Thus defined, H∗C is a decorated bicat-
egory. Given a double functor F between double categories C and C ′ we
denote by H∗F the pair formed by the object functor F0 of F and by the
horizontalization HF of F . Thus defined, pair H∗F associated to the double
functor F is a decorated pseudofunctor from the decorated horizontalization
H∗C of C to the decorated horizontalization H∗C ′ of C ′. The function as-
sociating, to every double category C the decorated horizontalization H∗C
of C, together with the function associating, to every double functor F the
decorated horizontalization H∗F of F , is a functor from category dCat to
category bCat∗. We denote this functor by H∗ and we call it the decorated
horizontalization functor.
Internalization
Given a decorated bicategory B∗, B we say that a double category C is an
internalization of B∗, B if B∗, B is equal to decorated horizontalization
H∗C of C. Moreover, we say that a functor Ψ from bCat∗ to dCat is
an internalization functor, if Ψ is a section of decorated horizontaliza-
tion functor H∗. We think of internalization functors as coherent ways of
associating internalizations to decorated bicategories
Examples
Trivially decorated bicategories: Let B be a bicategory. In that case
pair dB0, B formed by the discrete category generated by the collection of
0-cells B0 of B, and B, is a decorated bicategory. We call the pair dB0, B
the discretely decorated bicategory associated to bicategory B. The deco-
rated horizontalization H∗B of the trivial double category B associated to
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bicategory B is equal to the discretely decorated bicategory dB0, B associ-
ated to B, that is, the trivial double category B associated to bicategory B
is an internalization of the discretely decorated decorated bicategory dB0, B
associated to B.
Cobordisms: Let n be a positive integer. Let Cob(n)0 denote the cat-
egory whose collection of objects is the collection of closed n-dimensional
smooth manifolds and whose collection of morphisms is the collection of dif-
feomorphisms between manifolds. Given closed n-manifolds X,Y,Z and W ,
a cobordism M from X to Y , and a cobordism N from Z to W , we will
say that a triple (f,Φ, g), where f is a diffeomorphisms from X to Z, g is a
diffeomorphism from Y to W , and where Φ is a diffeomorphism from M to
N ; is an equivariant diffeomorphism fromM to N if the restriction of Φ to X
equals f and the restriction of Φ to Y equals g. Composition of equivariant
morphisms between cobordisms is performed entry-wise. Let Cob(n)1 de-
note the category whose collection of objects is the collection of cobordisms
between closed n-dimensional manifolds and whose collection of morphisms
is the collection of equivariant diffeomorphisms between cobordisms. Given
an n-dimensional manifold X we write iX for the cobordism X×[0, 1]. Given
a diffeomorphism f : X → Y between closed n-dimensional manifolds X and
Y , we denote by if the equivariant diffeomorphism (f, f × [0, 1], f) from the
cobordism iX to the cobordism iY . These two functions define a functor from
Cob(n)0 to Cob(n)1. Denote this functor by i. Given compatible cobor-
disms M and N with respect to a manifold X we write N ∗M for the joint
union M ∪X N of M and N , with respect to X. Finally, given equivariant
diffeomorphisms (f,Φ, g) and (g,Ψ, h), compatible with respect to diffeomor-
phism g denote by (g,Ψ, h)∗(f,Φ, g) the joint union (f,Φ∪gΨ, h) of (f,Φ, g)
and (g,Ψ, h) with respect to g. The two operations defined above form a
bifunctor which we denote by ∗. With this structure the pair Cob(n) is
a double category, where the identity transformations and associator come
from the obvious diffeomorphisms from cobordism theory. The decorated
horizontalization H∗Cob(n) of Cob(n) is equal to bicategory Cob(n) of
n-dimensional cobordisms and diffeomorphisms presented in [17] decorated
by the grupoid of diffeomorphisms of closed oreiented n-dimensional mani-
folds, that is the double category Cob(n) is an internalization of bicategory
Cob(n) decorated by the grupoid of diffeomorphisms of closed oriented n-
dimensional manifolds.
Algebras: Let Alg0 denote the category whose collection of objects is the
collection of complex algebras and whose collection of morphisms is the col-
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lection of unital algebra morphisms. Given algebras A,B,C and D, a left-
right A-B bimodule M and a left-right C-D-bimodule N , we say that a
triple (f,Φ, g), where f is a unital algebra morphism from A to C, g is
a unital algebra morphism from B to D and Φ is a linear transformation
from M to N ; is an equivariant bimodule morphism from M to N , if for
every a ∈ A, b ∈ B, and x ∈ M equation Φ(axb) = f(a)Φ(x)g(b) holds.
Composition of equivariant bimodule morphisms is performed entry-wise.
Let Alg1 denote the category whose collection of objects is the collection
of bimodules over complex algebras and whose collection of morphisms is
the collection of equivariant bimodule morphisms. Denote by Alg the pair
formed by categories Alg0 and Alg1. Denote by i the functor from Alg0 to
Alg1, associating A considered as a left-right A-bimodule to every algebra A,
and associating the equivariant bimodule morphism (f, f, f) to every unital
algebra morphism f . Given algebras A,B and C, a left-right A-B bimodule
M and a left-right B-C bimodule N , write N ∗M for the tensor product
M ⊗BN relative to B. Given equivariant bimodule morphisms (f,Φ, g) and
(g,Ψ, h) we write (g,Ψ, h) ∗ (f,Φ, g) for the triple (f,Φ ⊗g Ψ, h). Denote
by ∗ the bifunctor, from Alg1×Alg0
Alg1 to Alg1 defined by operations
∗ defined above. This structure provides the pair Alg of categories Alg0
and Alg1 with the structure of a double category. Left and right identity
transformations and associator in Alg are defined by those associated to the
relative tensor product bifunctor. The decorated horizontalization H∗Alg
of Alg is equal to the bicategory Alg of unital algebras, algebra bimodules,
and bimodules morphisms presented in [17], decorated by category Alg0 of
unital algebra morphisms. That is, the double category Alg is an internal-
ization of bicategory Alg, decorated by the category Alg0 of algebras, and
unital algebra morphisms.
von Neumann algebras: Let A be a von Neumann algebra. We say that
A is semisimple if the center A∩A′ of A is finite dimensional. Let A and B
be semisimple von Neumann algebras. Let f : A→ B be a von Neumann al-
gebra morphism from A to B. Let A =
⊕n
i=1Ai and B =
⊕m
j=1Bj be direct
decompositions of A and B such that Aj is a factor for every 1 ≤ i ≤ n and
such that Bj is a factor for every 1 ≤ j ≤ m. Write f in matrix form as (fi,j)
where fi,j is a von Neumann algebra morphism from factor Ai to factor Bj
for every i, j. In that case we say that the morphism f is finite if morphism
fi,j has finite index [13],[15],[16] for every 1 ≤ i ≤ n and 1 ≤ j ≤ m. The
composition of finite morphisms between semisimple von Neumann algebras
is again a finite morphism. We denote by [W ∗]f0 the category whose objects
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are semisimple von Neumann algebras and whose morphisms are finite mor-
phisms. Let A,B,C, and D be semisimple von Neumann algebras. Let M
be a normal A-B-bimodule and let N be a normal C-D-bimodule. We say
that a triple (f,Φ, g) is an equivariant finite intertwiner from M to N if f is
a finite morphism from A to C, Φ is a bounded operator fromM to N , g is a
finite morphism from B to D, and if equation Φ(axb) = f(a)Φ(x)g(b) holds
for every a ∈ A, x ∈ M and b ∈ B. Composition of equivariant finite mor-
phisms is performed entry-wise. Denote by [W ∗]f1 the category whose objects
are bimodules over semisimple von Neumann algebras and whose morphisms
are bounded intertwiners. Denote by [W ∗]f the pair formed by [W ∗]f0 and
[W ∗]f1 . Let A be a semisimple von Neumann algebra. Denote by i the func-
torial extension of the Haagerup standard form construction [12] defined in
[4]. Thus defined i is a functor from category [W ∗]f0 to category [W
∗]f1 .
Denote now by ∗ the functorial extension of the Connes fusion product op-
eration [9],[18] defined in [4]. Thus defined ∗ is a bifunctor from category
[W ∗]f1 ×[W ∗]f0
[W ∗]f1 to category [W
∗]f1 . With this structure pair [W
∗]f forms
a double category. Denote by [W ∗]f the sub-bicategory of bicategory [W ∗]
of von Neumann algebras, normal bimodules, and bimodule intertwiners de-
fined in [17], generated by semisimple von Neumann algebras. In that case
the decorated horizontalization H∗[W ∗]f of double category [W ∗]f is equal
to bicategory [W ∗]f , decorated by category [W ∗]f0 of semisimple von Neu-
mann algebras and finite morphisms, that is, double category [W ∗]f is an
internalization of bicategory [W ∗]f decorated by category [W ∗]f0 .
The problem of existence of internalizations
It is not known if bicategory [W ∗] of general von Neumann algebras, nor-
mal bimodules, and bimodule intertwiners appearing in [17], decorated by
the category of general von Neumann algebras and general von Neumann
algebra morphisms, admits an internalization. The existence of extensions
of functors i and ∗ appearing in the definition of [W ∗]f , to the category
of general von Neumann algebras and general von Neumann algebra mor-
phisms and to the category of normal bimodules and general equivariant
bimodule intertwiners would imply the existence of such an internalization.
The existence of such extensions of i and ∗ is conjectured in [4].
We are interested in the problem of finding internalizations for general
decorated bicategories. We refer to this problem as the problem of exis-
tence of internalizations for decorated bicategories. The problem of
existence of internalizations for decorated bicategories is the main motiva-
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tion for the work at present. We will moreover be interested in the problem
of finding internalization functors. We refer o this problem as the problem
of existence of internalization functors and we regard it as a categorical
version of the problem of existence of internalizations for decorated bicate-
gories.
3 Globularily generated double categories
In this section we introduce globularily generated double categories. We
prove that the condition of a double category being globularily generated is
minimal with respect to having a given decorated bicategory as decorated
horizontalization and that the problem of existence of internalizations for
decorated bicategories is equivalent to the problem of existence of globularily
generated internalizations. We do this by associating, to every double cate-
gory, a globularily generated double category, its globularily generated piece.
We furnish the globularily generated piece construction with the structure
of a 2-functor. We extend results on the globularily generated piece con-
struction to analogous results regarding internalization functors. Finally, we
prove that globularily generated piece 2-functor is a 2-reflector. We inter-
pret this by regarding the condition of a double category being globularily
generated as a categorical analog of the condition of a double category being
trivial.
Given a double category C, a sub-double category of C is a double cat-
egory satisfying the standard notion of sub-structure applied to C. More
precisely, we will say that a double category D is a sub-double category of
a double category C if the object and morphism categories D0 and D1 of
D are subcategories of the object and morphism categories C0 and C1 of C
respectively, if the structure functors s, t, i and ∗ of C restrict to those of D,
and if the the left and right identity transformations and associator for C
restrict to the left and right identity transformations and associator for D
respectively.
Given a double category C, we will say that a sub-double category D of C
is complete, if the collections of objects, vertical morphisms, and horizontal
morphisms of D are equal to the collections of objects, vertical morphisms,
and horizontal morphisms of C respectively.
Given a double category C, it is easily seen that the collection of complete
sub-double categories of C is closed under the operation of taking arbitrary
intersections. Given a collection of 2-morphisms X of a double category C,
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we will call the intersection of all complete sub-double categories D, of C,
such thatX is contained in the collection of 2-morphisms ofD, the complete
sub-double category of C generated by X. We will say that a collection
of 2-morphisms X of double a category C generates C if C is equal to the
complete sub-double category of C generated by X. The following is the
main definition of this section.
Definition 3.1. Let C be a double category. We say that C is globularily
generated if C is generated by its collection of globular 2-morphisms.
Trivial double categories are examples of globularily generated double cate-
gories. Non-trivial examples will be provided in section 6.
Given a double category C, we write γC for the complete sub-double category
of C generated by the collection of globular 2-morphisms of C. Thus defined,
γC is a globularily generated complete sub-double category of C. We call
double category γC associated to C the globularily generated piece of
C. Thus defined, the globularily generated piece γC of double category C
is equal to both the maximal globularily generated sub-double category of
C and to the minimal complete sub-double category of C containing the
collection of globular 2-morphisms of C.
Proposition 3.2. Let C be a double category. The decorated horizontaliza-
tion H∗C of C is equal to the decorated horizontalization H∗γC of the glob-
ularily generated piece γC of C. Moreover, the globularily generated piece
γC of C is minimal with respect to this property.
Proof. Let C be a double category. The fact that the decorated horizon-
talization H∗C of C and the decorated horizontalization H∗γC of the glob-
ularily generated piece γC of C are equal follows from the fact that the
globularily generated piece γC of C is complete in C and from the easy ob-
servation that the collection of globular 2-morphisms of both C and γC are
equal. Now, suppose D is a sub-double category of C such that the deco-
rated horizontalization H∗C of C is equal to the decorated horizontalization
H∗C of C. We wish to prove that the globularily generated piece γC of C
is a sub-double category of D. First observe that from the fact that H∗C
and H∗D are equal it follows that D is complete in C. It follows that both
the category of objects and the collection of horizontal morphisms of both
D and γC are equal. Again from the equation H∗C = H∗D it follows that
the collection of globular 2-morphisms of C is contained in the collection of
2-morphisms of D. We conclude that the globularily generated piece γC is
a sub-double category of D. This concludes the proof. 
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A consequence of proposition 3.2 is that the problem of existence of internal-
izations for a given decorated bicategory B∗, B is equivalent to the problem
of existence of globularily generated internalizations for B∗, B. The follow-
ing corollary says that the condition of a double category being globularily
generated is precisely the condition of a double category being a minimal
internalization.
Corollary 3.3. Let C be a double category. C is globularily generated if and
only if C is minimal amongst internalizations of decorated horizontalization
H∗C of C.
We interpret corollary 3.3 by saying that the condition of a double category
being globularily generated is precisely the condition of a double category
being minimal with respect to the decorated horizontalization functor. We
regard this and proposition 3.2 as the main motivation for the study of
globularily generated double categories.
We extend the construction of the globularily generated piece of a double
category, to double functors as follows: Given a double functor F : C → D
from a double category C to a double category D, the image, under the
morphism functor F1 of F , of every globular 2-morphism in C, is a globular
2-morphism in D. It follows that the restriction of double functor F , to
the globularily generated piece γC of C defines a double functor from the
globularily generated piece γC of C to the globularily generated piece γD of
D. We write γF for this double functor. We call γF the globularily gen-
erated piece double functor of F . We regard the following proposition
as a functorial version of proposition 3.2.
Proposition 3.4. Let C,D be double categories. Let F : C → D be a
double functor. The decorated horizontalization H∗F of F is equal to the
decorated horizontalization H∗γF of the globularily generated piece γF of F .
Moreover, the globularily generated piece γF of F is minimal with respect to
this property.
Proof. Let C,D be double categories. Let F : C → D be a double functor.
From the fact that the object functor and the object function of the mor-
phism functor of the globularily generated piece γF of F are equal to the
object functor and the object function of the morphism functor of F respec-
tively, and from the fact that the globularily generated piece γF of F is equal
to F on globular 2-morphisms of C it follows that the decorated horizontal-
ization H∗F of F is equal to the decorated horizontalization H∗γF of the
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globularily generated piece γF of F . Now let C ′,D′ be sub-double categories
of C and D respectively. Let F ′ : C ′ → D′ be a double sub-functor of F
such that H∗F and H∗F ′ are equal. We wish to prove, in that case, that the
globularily generated piece γF of F is a sub-double functor of F ′. The glob-
ularily generated piece γC is a sub-double category of C ′ and the globularily
generated piece γD of D is a sub-double category of D′ by proposition 3.2.
By equation H∗F ′ = H∗F it follows that the object functor and the object
function of morphism functor of F ′ are equal to the object functor and the
object function of morphism functor of γF respectively. From this and from
the fact that the restriction of F ′ to the collection of globular 2-morphisms
of C is equal to the restriction of F to the collection of globular 2-morphisms
of C it follows that γF is a subfunctor of F ′. This concludes the proof. 
We write gCat for the subcategory of the underlying category of 2-category
dCat of double categories, double functors, and double natural transforma-
tions, generated by globularily generated double categories. The function
associating the globularily generated piece γC to every double category C
and the globularily generated piece double functor γF to every double func-
tor F , is a functor from the underlying category of 2-category dCat to gCat.
We denote this functor by γ. We call functor γ the globularily generated
piece functor. We consider the globularily generated piece functor γ as a
categorification of the globularily generated piece construction.
We will say that an internalization functor Ψ, as defined in the previous
section, is a globularily generated internalization functor, if the image
category of Ψ lies in category gCat. A consequence of proposition 3.4 is
that the composition γΦ of an internalization functor Φ and the globularily
generated piece functor γ, is again an internalization functor, and thus the
problem of existence of internalization functors is equivalent to the problem
of existence of globularily generated internalization functors. The following
corollary is a functorial analog of corollary 3.3.
Corollary 3.5. Let Φ be an internalization functor. In that case Φ is glob-
ularily generated if and only if Φ does not properly contain internalization
sub-functors.
We extend the globularily generated piece functor to a 2-functor between
appropiate 2-categories as follows: Given a double category C, we call 2-
morphisms in C lying in globularily generated piece γC of C the globularily
generated 2-morphisms of C. Given double functors F,G : C → D from
a double category C to a double category D we say that a double natural
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transformation η : F → G, from F to G, is a globularily generated
double natural transformation, if every component of the morphism
part η1 of η is a globularily generated 2-morphism.
Identity double natural transformations are examples of globularily gen-
erated double natural transformations. Further, the collection of globularily
generated double natural transformations is closed under the operations of
taking vertical and horizontal compositions. It follows that the triple formed
by collection of double categories, collection of double functors, and collec-
tion of globularily generated double natural transformations forms a sub
2-category of 2-category dCat. We denote this 2-category by dCatg.
We keep denoting by gCat the full sub 2-category of dCatg generated
by globularily generated double categories. 2-category gCat now has collec-
tion of globularily generated double categories, collection of double functors
between globularily generated double categories, and collection of globularily
generated double natural transformations as collections of 0-, 1-, and 2-cells
respectively. The globularily generated piece functor γ admits a unique ex-
tension to a 2-functor from dCatg to gCat such that this extension acts
as the identity function on globularily generated double natural transforma-
tions. We keep denoting this extension by γ.
Given 2-categories B and B′, such that B is a full sub 2-category of B′,
we will say that B is a strictly 2-reflective sub 2-category of B′ if the
inclusion 2-functor of B in B′ admits an left adjoint 2-functor with counit
and unit being strict 2-natural transformations. In that case we will say
that any 2-functor, left adjoint to the inclusion 2-functor of B in B′, is a
strict 2-reflector of B′ on B. The next proposition says that 2-category
gCat, as a sub 2-category of 2-category dCatg is strictly 2-reflective, with
the globularily generated piece 2-functor γ as 2-reflector.
Proposition 3.6. 2-category gCat is a strictly 2-reflective sub 2-category of
2-category dCatg with globularily generated piece 2-functor γ as 2-reflector.
Proof. Let i denote the inclusion 2-functor of 2-category gCat in 2-category
dCatg. We wish to provide pair (γ, i) formed by the globularily generated
piece 2-functor γ and the inclusion 2-functor i with the structure of an adjoint
pair. We associate, to pair (γ, i) a counit-unit pair (ǫ, η).
Let C be a double category. Write ǫC for the inclusion double functor
of the globularily generated piece γC associated to C in C. We write ǫ for
the collection of inclusions ǫC where C runs through collection of all double
categories. We prove that thus defined ǫ is a 2-natural transformation [14]
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from the composition iγ of the globularily generated piece 2-functor γ and
inclusion i to the identity 2-endofunctor iddCatg of 2-category dCat
g. Let
C and D be double categories. Let F : C → D be a double functor from C
to D. Since double functor γ is defined by restriction on 1-cells, the following
square
iγC iγD
C D
iγF
ǫC
F
ǫD
commutes. Now, let F,G : C → D be double functors from double category
C to double category D and let µ : F → G be a globularily generated natural
transformation from F to G. We wish to prove that equation
ǫDµ = µǫC
holds. The above equation is equivalent to the following pair of equations
ǫD0µ0 = µ0ǫC0 and ǫD1µ1 = µ1ǫC1
Observe that since the globularily generated piece 2-functor acts as the iden-
tity 2-functor on object categories, object functors, and object natural trans-
formations, the first equation above is trivial. We thus need only to prove
that the second equation holds. Let α be a horizontal morphism in C. In
that case µα is a globularily generated 2-morphism and thus ǫDµα is equal to
µα. Now, ǫCα is equal to α and thus µǫCα is equal to µα. We conclude that
both equations above hold and thus ǫ is a strict 2-natural transformation
from the composition iγ of the globularily generated piece 2-functor γ and
inclusion i to the identitiy 2-endofunctor iddCatg of 2-category dCat
g.
Now, since the globularily generated piece of a globularily generated dou-
ble category is equal to the original globularily generated category and the
globularily generated piece double functor γ acts by restriction on double
functors and double natural transformations, the composition γi of the in-
clusion i of 2-category gCat in 2-category dCatg and the globularily gen-
erated piece 2-functor γ is equal to the identity 2-endofunctor of 2-category
gCat. Denote by η the identity double natural transformation of the identity
2-endofunctor idgCat of gCat as a natural transformation from idgCat to
16
the composition γi. Thus defined η is a strict natural transformation. Fi-
nally, observe that from the way η was defined, pair of natural transforma-
tions (ǫ, η) clearly satisfies the counit-unit triangle equations and it is thus
a counit-unit pair for pair (γ, i). We conclude that 2-category gCat is a
reflective 2-subcategory of 2-category dCatg and that 2-functor γ acts as a
reflector. 
We interpret proposition 3.6 by considering the globularily generated piece 2-
functor γ as an analog of the horizontalization functor H and thus regarding
2-category gCat as an analog of category bCat in 2-category dCatg.
In the following corollary, for a given double category C, we keep denoting,
as in the proof of proposition 3.6, the inclusion double functor from the
globularily generated piece γC of C to C by ǫC
Corollary 3.7. Let C be a double category. The globularily generated piece
γC of C is characterized up to double isomorphisms by the following universal
property: Let D be a globularily generated double category. Let F : D → C
be a double functor from D to C. In that case there exists a unique double
functor F˜ : D → γC from D to globularily generated piece γC of C such
that the following triangle commutes:
D C
γC
F
F˜ ǫC
4 Structure
In this section we introduce technical tools in the theory of globularily gen-
erated double categories. We define the vertical length of a globularily gen-
erated 2-morphism and we use this to obtain general information on the
structure of globularily generated double categories. We prove in particular
that the condition of a double category being globularily generated is not
trivial. We begin by recursively associating, to every globularily generated
double category, a sequence of subcategories of its category of morphisms as
follows:
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Let C be a globularily generated double category. Denote by HC1 the union of
collection of globular 2-morphisms of C and collection of horizontal identities
of vertical morphisms of C. Write V C1 for the subcategory of the category of
morphisms C1 of C, generated by H
C
1 , that is, V
C
1 denotes the subcategory
of C1 whose morphisms are vertical compositions of globular 2-morphisms
and horizontal identities of C.
Let n be an integer strictly greater than 1. Suppose that category V Cn−1
has been defined. We now define category V Cn . First denote by H
C
n the
collection of all possible horizontal compositions of 2-morphisms in category
V Cn−1. We make, in that case, category V
C
n to be the subcategory of the
category of morphisms C1 of C, generated by H
C
n . That is, category V
C
n
is the subcategory of C1 whose collection of morphisms is the collection of
vertical compositions of elements of HCn .
We have thus associated, to every double category C, a sequence of subcat-
egories
{
V Cn
}
of the category of morphisms C1 of C. We call, for every n,
category V Cn the n-th vertical category associated to C. We have used, in
the above construction, for every n, an auxiliary collection of 2-morphisms
HCn of C. Observe that for each n, collection H
C
n both contains the horizon-
tal identity of every vertical morphism in C and is closed under the operation
of taking horizontal compositions. If double category C is strict, then, for
every n, collection HCn is the collection of morphisms of a category whose
collection of objects is the collection of vertical morphisms of C. In that case
we call category HCn the n-th horizontal category associated to C.
By the way the sequence of vertical categories
{
V Cn
}
associated to a double
category C was constructed it is easily seen that for every n, inclusions
HomV Cn ⊆ H
C
n+1 ⊆ HomV
C
n+1
hold. This implies that the n-th vertical category V Cn associated to double
category C is a subcategory of the n+1-th vertical category V Cn+1 associated
to C for every n. Moreover, in the case in which double category C is strict,
the n-th horizontal category HCn associated to C is a subcategory of the
n+ 1-th horizontal category HCn+1 associated to C for every n.
The following lemma says that the sequence of vertical categories of a glob-
ularily generated double category forms a filtration of its category of mor-
phisms.
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Lemma 4.1. Let C be a globularily generated double category. Morphism
category C1 of C is equal to the limit lim−→
V Cn in the underlying category of
Cat, of sequence
{
V Cn
}
of vertical categories associated to C.
Proof. Let C be a globularily generated double category. We wish to prove
that morphism category C1 of C is equal to the limit lim−→
V Cn of the sequence
of vertical categories associated to C.
By the way the sequence of vertical categories associated to C was con-
structed, it is easily seen that the union
⋃
∞
n=1HomV
C
n of the sequence of
its collections of morphisms is closed under the operations of taking verti-
cal and horizontal compositions in C, and that it contains the collection of
horizontal identities of vertical morphisms of C. It follows, from this and
from the requirement that the components of the identity transformations
and associator of C are globular, that pair formed by the category of objects
C0 of C and the limit lim−→
V Cn of the sequence of vertical categories associated
to C is a sub-double category of C. The collection of objects of the n-th
vertical category V Cn associated to C is equal to the collection of horizon-
tal morphisms of C for every n. Thus the collection of objects of category
lim
−→
V Cn is equal to the collection of horizontal morphisms of C. Pair formed
by the category of objects C0 of C and the limit lim−→
V Cn of the sequence of
vertical categories associated to C is thus a complete sub-double cateogory of
C. Moreover, the collection of morphisms
⋃
∞
n=1HomV
C
n of category lim−→
V Cn
contains the collection of globular 2-morphisms of C. We conclude, from
this, and from the fact that double category C is globularily generated, that
the sub-double category of C, formed by C0 and lim−→
V Cn , is equal to C and
thus morphism category C1 of C equals the limit lim−→
V Cn of the sequence of
vertical categories associated to C. This concludes the proof. 
Given a strict double category C the pair τC formed by collection of vertical
morphisms of C and collection of 2-morphisms of C is a category. Compo-
sition operation in τC is horizontal composition in C. We call category τC
associated to a strict double category C the transversal category associ-
ated to C.
Corollary 4.2. Let C be a globularily generated double category. If C is a
strict double category, then the transversal category τC associated to C is
equal to the limit lim
−→
HCn , in the underlying category of Cat, of the sequence
of horizontal categories associated to C.
Proof. Let C be a strict globularily generated double category. We wish to
prove, in this case, that the transversal category τC associated to C is equal
to the limit lim
−→
HCn of the sequence of horizontal categories associated to C.
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By the way the sequence of horizontal categories associated to globularily
generated double category C was constructed, it is easily seen that the col-
lection of objects of the n-th horizontal category HCn associated to C is equal
to the collection of vertical morphisms of C for every n. It follows, from this,
that the collection of objects of the limit lim
−→
HCn of the sequence of horizontal
categories associated to C is equal to the collection of vertical morphisms of
C and is thus equal to the collection of objects of the transversal category
τC of C. The collection of morphisms of the limit lim
−→
HCn is equal to the
union
⋃
∞
n=1HomH
C
n of the collections of morphisms of horizontal categories
associated to C. This union is equal to the union
⋃
∞
n=1HomV
C
n of the col-
lections of morphisms of vertical categories associated to C, which by lemma
4.1 is equal to the collection of 2-morphisms of C. This concludes the proof.

Definition 4.3. Let C be a globularily generated double category. Let Φ be
a 2-morphism in C. We call the minimal integer n such that Φ is a morphism
of the n-th vertical category V Cn associated to C the vertical length of Φ.
We now apply the concept of vertical length to the proof of results concerning
the structure of globularily generated double categories. We first establish
notational conventions.
Assuming a double category C is strict, the horizontal composition Φk∗...∗Φ1
of any composable sequence Φ1, ...,Φk of 2-morphisms in C, is unambigu-
ously defined. This is not the case in general. If a double category C is
not assumed to be strict, then the horizontal compositions of a composable
sequence Φ1, ...,Φk of 2-morphisms in C, following different parentheses pat-
terns, might yield different 2-morphisms. If a 2-morphism Φ in a double
category C can be obtained as the horizontal composition, following a cer-
tain parentheses pattern, of composable sequence of 2-morphisms Φ1, ...,Φk,
we will write Φ ≡ Φk ∗ ... ∗ Φ1.
Given 2-morphisms Φ and Ψ in a double category C, we say that Φ and Ψ
are globularily equivalent if there exist globular 2-isomorphisms Θ1,Θ2
in C such that the equation Φ = Θ1ΨΘ
−1
2 holds.
From the fact that associators in double cateogries satisfy the pentagon
axiom and from the fact that the collection of globular 2-morphisms of any
double category is closed under the operations of taking vertical and horizon-
tal composition, it follows that if two 2-morphisms Φ and Ψ satsify equation
Φ,Ψ ≡ Φk ∗ ... ∗ Φ1 for a composable sequence of 2-morphisms Φ1, ...,Φk in
C, then Φ and Ψ are globularily equivalent.
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Finally, we will say that a 2-morphism Φ in a double category C is a hor-
izontal endomorphism if the source and target sΦ, tΦ of Φ, are equal.
Horizontal identities are examples of horizontal endomorphisms. The next
proposition says that a 2-morphism in a globular double category is either
globular or a horizontal endomorphisms.
Proposition 4.4. Let C be a globularily generated double category. Let Φ
be a 2-morphism in C. If Φ is not globular then Φ is a horizontal endomor-
phism.
Proof. Let C be a globularily generated double category. Let Φ be a non-
globular 2-morphism in C. We wish to prove that Φ is a horizontal endo-
morphism.
We proceed by induction on the vertical length of Φ. Suppose first that
Φ is an element of HC1 . In that case, by the assumption that Φ is non-
globular, Φ must be the horizontal identity of a vertical morphism in C and
thus must be a horizontal endomorphism. Suppose now that Φ is a general
element of the first vertical category V C1 associated to C. Write Φ as a
vertical composition Φ = Φk ◦ ...◦Φ1 where Φi is an element of H
C
1 for every
i. Moreover, assume that the length k of this decomposition is minimal.
We prove by induction on k that Φ must be a horizontal endomorphism.
Suppose first that k = 1. In that case Φ is an element of HC1 and is thus
a horizontal identity. Suppose now that k is strictly greater than 1 and
that the result is true for every 2-morphism in the first vertical category V C1
associated to C that can be written as a vertical composition of strictly less
than k 2-morphisms in HC1 . Write Ψ for composition Φk ◦ ... ◦ Φ2. In this
case equation Φ = Ψ ◦ Φ1 holds. Now, since the collection of globular 2-
morphisms of C is closed under the operation of taking vertical composition,
one of Ψ and Φ1 is not globular. If both Ψ and Φ1 are not globular, then
by induction hypothesis both Ψ and Ψ1 are horizontal endomorphisms and
thus their vertical composition Φ is a horizontal endomorphism. Suppose
now that Ψ is globular. In that case Φ1 is a horizontal endomorphism. Now,
from the fact that source and target of Ψ are in this case vertical identities
and from the fact that source and target are functorial, equations sΦ = sΦ1
and tΦ = tΨ1 follow and thus Φ is a horizontal endomorphism. The case in
which Φ1 is globular is handled analogously. This concludes the base of the
induction.
Let n be a positive integer strictly greater than 1. Assume now that
every non-globular 2-morphism in C of vertical length strictly less than n
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is a horizontal endomorphism. Suppose first that Φ is an element of HCn .
Let Φk ∗ ... ∗ Φ1 represent a horizontal composition in C such that Φi is a
morphism of V Cn−1 for each i and such that Φ ≡ Φk∗...∗Φ1. Suppose that the
length k of this decomposition is minimal. We proceed by induction over k.
If k = 1 then Φ is an element of V Cn−1 and is thus a horizontal endomorphism
by induction hypothesis. Suppose now that k is strictly greater than 1 and
that the result is true for every non-globular 2-morphism in HCn that can
be written as a horizontal composition of strictly less than k 2-morphisms
in V Cn−1. Choose Ψ such that Ψ ≡ Φk ∗ ... ∗ Φ2. In this case Φ and Ψ ∗ Φ1
are globularily equivalent and thus have the same source and target. Now, if
both Ψ and Φ1 are globular, then their horizontal composition, and every 2-
morphism globularily equivalent to it, is globular. We thus assume that one
of Ψ and Φ1 is non-globular. If Ψ is globular, then the equation tΦ1 = sΨ
together with induction hypothesis implies that Φ1 is globular. An identical
argument implies that if Φ1 is globular then Ψ is globular. We conclude
that both Ψ and Φ1 are non-globular and thus by induction hypothesis are
horizontal endomorphisms. This and equation tΦ1 = sΨ implies that Ψ ∗Φ1
and thus Φ is a horizontal endomorphism. Assume now that Φ is a general
morphism of V Cn . Write Φ as a vertical composition Φk ◦ ... ◦ Φ1 where Φ is
an element of HCn for every k. Moreover, assume again that the length k of
this decomposition is minimal. An induction argument over k together with
an argument analogous to that presented in the base of the induction proves
that Φ is a horizontal endomorphism. This concludes the proof. 
A direct consequence of proposition 4.4 is that neither double categories of
the form Cob(n) nor double categories Alg or [W ∗]f , presented in section 2
are globularily generated. We interpret this by saying that the condition of a
double category being globularily generated is not trivial. We will compute
the globularily generated piece of these double categories in section 6. This
will provide non-trivial examples of globularily generated double categories.
The following corollary follows immediately from the previous proposition.
Corollary 4.5. Let C be a globularily generated double category. Let Φ and
Ψ be 2-morphisms in C. Suppose Φ and Ψ are composable. In that case
horizontal composition Ψ ∗ Φ is globular if and only if Φ and Ψ are both
globular.
We conclude this section with the following technical lemma.
Lemma 4.6. Let C be a globularily generated double category. Let Φ be a
2-morphism in C. If the vertical length of Φ is equal to 1 then Φ can be
written as a vertical composition of the form
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Ψk ◦ Φk ◦ ... ◦Ψ1 ◦ Φ1 ◦Ψ0
where Φi is a horizontal identity for every 1 ≤ i ≤ k and Ψi is globular for
every 0 ≤ i ≤ k.
Proof. Let C be a globularily generated double category. Let Φ be a 2-
morphism in C. Suppose that the vertical length of Φ is equal to 1. We
wish to prove, in this case, that Φ admits a decomposition as described in
the statement of the lemma.
Suppose first that Φ is an element ofHC1 . In that case Φ is either globular
or Φ is the horizontal identity of a vertical morphism in C. Suppose first
that Φ is globular. In that case make k = 0 and Ψ0 = Φ. Suppose now that
Φ is the horizontal identity of a vertical morphism α in C, with domain and
codomain x and y respectively. In that case make k = 1, make Ψ0 to equal
to the identity 2-morphism of the horizontal identity of x, make Φ1 to be
equal to Φ and make Ψ1 to be equal to the identity 2-morphism of horizontal
identity of y.
Suppose now that Φ is a general morphism of the first vertical category
V C1 associated to C. Write Φ as the vertical composition Φ = Θm ◦ ... ◦Θ1,
where Θi is an element of H
C
1 for every i. Choose this decomposition in such
a way that its length m is minimal. We proceed by induction on m. In the
case in which m is equal to 1 Φ is an element of HC1 . Suppose now that m
is strictly greater than 1 and that the result is true for every 2-morphism
in V C1 that can be written as a vertical composition of strictly less than m
elements of HC1 . Write Ψ for vertical composition Θm−1 ◦ ... ◦ Θ1. In that
case Ψ admits a decomposition as
Ψ = Ψk ◦ Φk ◦ ... ◦Ψ1 ◦ Φ1 ◦Ψ0
for some k, where Φi is a horizontal identity for every 1 ≤ i ≤ k and Ψi is
globular for every 0 ≤ i ≤ k. Since Θm is an element of H
C
1 then it is either
globular or it is the horizontal identity of a vertical morphism in C. Suppose
first that Θm is globular. In that case write Ψ
′
k for vertical composition
Θm ◦Ψk. In that case the decomposition
Φ = Ψ′k ◦Φk ◦ ... ◦Ψ1 ◦ Φ1 ◦Ψ0
satisfies the conditions of the lemma. Suppose now that Θm is the vertical
identity of a vertical morphism α, with domain and codomain x and y re-
spectively. In that case write Φk+1 for Θm and write Ψk+1 for the identity
2-endomorphism of the identity horizontal endomorphism of x. In that case
the decomposition
Φ = Ψk+1 ◦Φk+1 ◦ ... ◦Ψ1 ◦Φ1 ◦Ψ0
satisfies the conditions of the lemma. This concludes the proof. 
5 Categorification
In this section we present an extension of the definition of the vertical fil-
tration of a globularily generated double category presented in the previous
section, to a filtration on the globularily generated piece funtor. We begin
with the following lemma.
Lemma 5.1. Let C and D be globularily generated double categories. Let
F : C → D be a double functor from C to D. Let n be a positive integer.
The image of the n-th vertical category V Cn associated to C, under morphism
functor F1 of F , is contained in the n-th vertical category V
D
n associated to
D. Moreover, in the case in which C,D, and F are strict, the image of the
n-th horizontal category HCn associated to C, under morphism functor F1 of
F , is contained in the n-th horizontal category HDn associated to D.
Proof. Let C and D be globularily generated double categories. Let F :
C → D be a double functor from C to D. Let n be a positive integer. We
wish to prove that the image of the n-th vertical category V Cn associated to
C, under morphism functor F1 of F , is a subcategory of the n-th vertical
category V Dn associated toD. Moreover, we wish to prove that if C,D, and F
are all strict then the image of the n-th horizontal category HCn associated to
C, under morphism functor F1 of F , is a subcategory of the n-th horizontal
category HDn associated to D.
We proceed by induction on n. Let Φ be a 2-morphism in the first vertical
category V C1 associated to C. We wish to prove, in this case that F1Φ is
a morphism in the first vertical category V D1 associated to D. Suppose
first that Φ is an element of HC1 . In that case Φ is either globular or the
horizontal identity of a vertical morphism in C. Suppose first that Φ is the
horizontal identity of a vertical morphism α in C. In that case the image
F1Φ of Φ under functor F1 is globularily conjugate to the horizontal identity
of the image F0α of α under functor F0, and is thus a morphism in category
V D1 . Observe that in the case in which double functor F is strict F1Φ is
precisely the horizontal identity of vertical morphism F0α and is thus an
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element of HD0 . From this and from the fact that collection of globular 2-
morphisms of a double category is invariant under the application of double
functors it follows that the image of collection HC1 , under morphism functor
F1, is contained in collection of morphisms of first vertical category V
D
1 of
D. Moreover, in the case in which F is strict, the image of HC1 under F1
is contained in HD1 . Suppose now that Φ is a general element of the first
vertical category V C1 associated to C. Write Φ as a vertical composition
Φ = Φk ◦ ... ◦Φ1
where Φi is an element of H
C
1 for every 1 ≤ i ≤ k. In that case the image of
Φ under morphism functor F1 of F is equal to vertical composition
F1Φk ◦ ... ◦ F1Φ1
which is a morphism of the first vertical category V D1 associated to D. Thus
the image of the first vertical category V C1 associated to C, under morphism
functor F1 of F is a subcategory of the first vertical category V
D
1 associated
to D. Moreover, if we assume that C,D, and F are strict, HC1 and H
D
1
are categories, and the image of HC1 under morphism functor F1 of F is a
subcategory of HD1 .
Let n now be strictly greater than 1. Suppose that the conclusions of the
proposition are true for every m < n. Let Φ now be a morphism in the n-th
vertical category V Cn associated to C. We wish to prove in this case that the
image F1Φ of Φ under morphism functor F1 of F is a morphism in the n-th
vertical category V Dn associated to D. Suppose first that Φ is a morphism
in HCn . Write Φ, up to globular equivalences, as a horizontal composition of
the form
Φ ≡ Φk ∗ ... ∗Φ1
where Φi is an element of the n− 1-th vertical category V
C
n−1 associated to
C for every 1 ≤ i ≤ k. In that case the image F1Φ under functor F1 is glob-
ularily equivalent to any possible interpretation of horizontal composition
F1Φk ∗ ... ∗ F1Φ1
in D. By induction hypothesis F1Φi is a morphism of the n − 1-th vertical
category V Dn−1 associated to D for every 1 ≤ i ≤ k and thus any inter-
pretation of the horizontal composition above is a morphism of the n-th
horizontal cateogory V Dn associated to D. We conclude that the image F1Φ
25
of 2-morphism Φ under functor F1 is a morphism in the n-th vertical cat-
egory V Dn associated to D. Moreover, if F is strict then image F1Φ of Φ
under functor F1 is an element of H
D
n . Suppose now that Φ is a general
morphism of the n-th vertical cateogry V Cn associated to C. Write Φ as a
vertical composition of the form
Φ = Φk ◦ ... ◦Φ1
where Φi is an element of H
C
n for every 1 ≤ i ≤ k. In that case the image
F1Φ of Φ under morphism functor F1 of F is equal to vertical composition
F1Φk ◦ ... ◦ FiΦ1
in D and thus is an element of n-th vertical category V Dn of D. We con-
clude that the image of the n-th vertical category V Cn associated to C, under
morphism functor of double functor F , is a subcategory of the n-th vertical
category V Dn associated to D and that if C,D, and F are strict then more-
over the image of the n-th horizontal category HCn associated to C, under
morphism functor F1 of F , is a subcategory of the n-th horizontal category
HDn associated to D. This concludes the proof. 
Let C and D be globularily generated double categories. Let F : C → D be
a double functor from C to D. Let n be a positive integer. We write V Fn for
restriction, to the n-th vertical category V Cn associated to C, of morphism
functor F1 of F . Thus defined V
F
n is, by lemma 5.1, a functor from the
n-th vertical category V Cn associated to C to the n-th vertical category V
D
n
associated to D. We call V Fn the n-th vertical functor associated to F .
The pair formed by the function associating the n-th vertical category
V Cn associated to C to every double category C and the n-th vertical double
functor V Fn to every double functor F forms a functor from the underly-
ing category of 2-category gCat of globularily generated double categories,
double functors, and globularily generated double natural transformations
to the underlying category of 2-cateogory Cat of categories, functors, and
natural transformations. We denote this functor by Vn. We call Vn the n-th
vertical functor.
Denote by π0 and π1 the 2-functors from dCat to Cat such that for every
double category C, π0C and π1C are equal to the object category C0 of C and
to the morphism category C1 of C respectively, such that for every double
functor F , π0F and π1F are equal to the object functor F0 of F and to the
morphism functor F1 of F respectively, and finally, such that for every double
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natural transformation η, π0η and π1η are equal to the object natural trans-
formation η0 associated to η and to the morphism natural transformation
η1 associated to η respectively. We call π0 and π1 the object projection
and the morphism projection 2-functors of dCat respectively. We keep
denoting by π0 and π1 restrictions of object and morphism projections of
2-category dCat, to sub 2-category gCat.
Given a double category C and positive integers m and n such that n ≥ m,
the m-th vertical category V γCm associated to the globularily generated piece
γC of C is a subcategory of the n-th vertical category V γCn associated to γC.
We write ηγm,nC for the inclusion functor of category V
γC
m in V
γC
n .
Observe that given a double functor F : C → D from a double category
C to a double category D, the fact that vertical functors V γFm and V
γF
n
associated to double functor γF are restrictions of the morphism functor
γF1 of γF , implies that the square:
V
γC
m V
γD
m
V
γC
n V
γD
n
V
γF
m
η
γC
m,n
V
γF
n
η
γD
m,n
commutes. That is, if we denote by ηm,n the collection of inclusions η
γC
m,n
with C running through collection of double categories, then ηm,n is a natural
transformation from the composition Vmγ of the globularily generated piece
2-functor γ and the m-th vertical functor Vm, to the composition Vnγ of
the globularily generated piece 2-functor γ and the n-th vertical functor Vn.
The sequence formed by functors Vnγ together with the collection formed by
natural transformations ηm,n forms a diagram in the underlying category of
2-category Cat with base in the underlying category of 2-category dCat.
We will write γ1 for the composition π1γ of the globularily generated piece
2-functor γ and the morphism projection π1. The following proposition says
that the limit of the diagram above is functor γ1. Its proof follows directly
from lemma 4.1.
Proposition 5.2. Functor γ1 defined above is equal to the limit lim−→
Vnγ of
diagram formed by sequence of vertical functors Vnγ and collection natural
transformations ηm,n.
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Let now C and D be strict globularily generated double categories and let
F : C → D be a strict double functor from C to D. If n is a positive integer,
then from the assumption that C,D, and F are strict, and from lemma 5.1,
it follows that the pair formed by morphism function of object functor F0 of
F and morphism function of morphism functor F1 of F restrict to a functor
from the n-th horizontal category HCn associated to C to the n-th horizontal
category HDn associated to D. We denote this functor by H
F
n and we call it
the n-th horizontal functor associated to F .
Denote by dCat the sub 2-category of dCat generated by collection of
strict double categories and collection of strict double functors between them,
and denote by gCat the sub 2-category of dCat generated by collection
of strict globularily generated double categories. Given a positive integer
n, the pair of functions associating, for every strict globularily generated
double category C the n-th horizontal category HCn associated to C, and
to every strict double functor F , the n-th horizontal functor HFn associated
to F , is a functor from the underlying category of 2-category gCat, to the
underlying category of 2-category Cat of categories, functors, and natural
transformations.
Given a strict double category C, we denoted, in section 4, by τC the cate-
gory whose collection of objects is collection of vertical morphisms of C and
whose collection of morphisms is collection of 2-morphisms of C. We called
category τC the transversal category associated to C. Given a strict
double functor F : C → D from a strict double category C to a strict double
category D, we denote by τF the functor from the transversal category τC
associated to C to the transversal category τD associated to D, such that
object and morphism functions of τF are the morphism function of object
functor F0 associated to F and the morphism function of morphism func-
tor F1 associated to F respectively. We call τF the transversal functor
associated to F .
The pair of functions associating the transversal category τC to a double
category C and the transversal functor τF to a double functor F forms a
functor from the underlying category of 2-category dCat to Cat. We denote
this functor by τ . We call τ the transversal category functor. We keep
denoting by τ the restriction of the transversal functor to the underlying
category of 2-category gCat.
Given a strict globularily generated double category C and positive integers
m and n such that m ≤ n, the m-th horizontal category HCm associated to
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C is a subcategory of the n-th horizontal category HCn associated to C. In
this case denote by νCm,n the inculsion functor of H
C
m in H
C
n .
Given a strict double functor F : C → D, from a strict double category
C to a strict double category D, for every pair of positive integers m and n
such that m ≤ n, the diagram
H
γC
m H
γD
m
H
γC
n H
γD
n
H
γF
m
ν
γC
m,n
H
γF
n
ν
γD
m,n
commutes. That is, if in this case we denote by νm,n collection formed by
inclusions νγCm,n with C running through the collection of strict double cate-
gories, then νm,n is a natural transformation from the composition Hmγ of
the underlying functor of the globularily generated piece 2-functor γ and the
m-th horizontal functor, to the composition Hnγ of the globularily generated
piece functor γ and the n-th horizontal category functor Hn. The sequence
formed by functors Hn together with the collection of natural transforma-
tions νm,n forms a diagram in the underlying category of Cat, with base in
the underlying category of dCat.
We will denote the composition τγ of the underlying functor of the globu-
larily generated piece 2-functor γ and the transversal functor τ by γτ . The
following proposition says that the limit of the above diagram is functor γτ .
Its proof now follows directly from lemma 4.2.
Proposition 5.3. Functor γτ defined above is the limit lim
−→
Hnγ formed by
sequence of horizontal functors Hnγ and collection of natural transformations
νm,n.
6 Computations
In this final section we present explicit computations of the globularily gener-
ated piece of double categories introduced in section 2. We begin by compu-
tating the globularily generated piece γCob(n) of double category Cob(n)
of n-dimensional manifolds, diffeomorphisms, cobordisms, and equivariant
diffeomorphisms, for every positive integer n
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We will write a horizontal equivariant endomorphism (f,Φ, f) in double cat-
egory Cob(n) simply as (f,Φ). If an equivariant morphism in Cob(n) is
written in this way it will be assumed it is a horizontal endomorphism. We
will say that cobordisms M and N from a closed manifold X to itself are
globularily diffeomorphic if M and N are diffeomorphic relative to X.
In order to explicitly compute globularily generated piece γCob(n) of dou-
ble category Cob(n), by proposition 4.4 we need only to compute collection
of non-globular, globularily generated 2-morphisms between horizontal en-
domorphisms in Cob(n). We begin with the following lemma.
Lemma 6.1. Let n be a positive integer. Let X and Y be closed n-dimensional
manifolds. Let M be a cobordism from X to X and let N be a cobordism
from Y to Y . If there exist non-globular globularily generated diffeomor-
phisms from M to N then M and N are globularily diffeomorphic to idenitity
cobordisms iX and iY respectively.
Proof. Let n be a positive integer. Let X and Y be closed n-dimensional
manifolds. Let M be a cobordism from X to X and let N be a cobordism
from Y to Y . Suppose there exists a non-globular globularily generated
diffeomorphism from M to N . In that case we wish to prove that M and N
are globularily diffeomorphic to identity cobordisms iX and iY respectively.
Let (f,Φ) : M → N be a non-globular globularily generated diffeomor-
phism fromM to N . We proceed by induction on the vertical length of (f,Φ)
to prove that the existence of (f,Φ) implies that M and N are globularily
diffeomorphic to horizontal identities iX and iY respectively. Suppose first
that the vertical length of (f,Φ) is equal to 1. By lemma 4.6 there exists a
decomposition of (f,Φ) as a vertical composition of the form
(idXk ,Ψk) ◦ (fk, fk × id[0,1]) ◦ ... ◦ (idX1 ,Ψ1) ◦ (f1, f1 × id[0,1]) ◦ (idX0 ,Ψ0)
where X0, ...,Xk are n-dimensional manifolds, X0 and Xk are equal to X
and Y respectively, fi : Xi → Xi+1 is a diffeomorphism from Xi to Xi+1 for
all i ≤ k − 1, and where Ψi is a globular diffeomoerphism from Xi to Xi for
all i. Since we assume that (f,Φ) is not globular then the length k of this
decomposition is greater than or equal to 1. The domain of the horizontal
identity of Φ1 is equal to the horizontal identity iX of manifold X and the
codomain of the horizontal identity Φk is equal to the horizontal identity iY
of manifold Y . Thus Ψ0 and Ψk define globular diffeomorphisms between M
and N and horizontal identities iX and iY respectively.
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Let m be a positive integer strictly greater than 1. Assume now that the
result is true for every pair of cobordisms admitting a non-globular globular-
ily generated diffeomorphism of vertical length strictly less than m. Assume
first that non-globular globularily generated diffeomorphism (f,Φ) is an el-
ement of H
Cob(n)
m . Write, in this case (f,Φ) as a horizontal composition
(f,Φ) ≡ (f,Φk) ∗ ... ∗ (f,Φ1)
where (f,Φi) is a morphism in the m−1-th vertical category V
Cob(n)
m−1 asso-
ciated to Cob(n) for every i ≤ k. Moreover, assume that the length k of this
decomposition is minimal. We proceed by induction on k to prove that in
this case the existence of (f,Φ) implies that M and N satisfy the conditions
of the lemma. If k = 1 then (f,Φ) is an element of the m − 1-th vertical
category V
Cob(n)
m−1 associated to Cob(n) and by induction hypothesis its ex-
istence implies that M and N satisfy the conditions of the lemma. Suppose
now that k is strictly greater than 1. Write (f,Ψ) for any representative of
(f,Φk) ∗ ... ∗ (f,Φ2). In that case the horizontal composition (f,Ψ) ∗ (f,Φ1)
is equivalent to (f,Φ). From the assumption that (f,Φ) is not globular and
from corollary 4.5 it follows that non of its conjugate morphisms is globular.
Thus the horizontal composition (f,Ψ) ∗ (f,Φ1) is not globular and thus,
again by corollary 3.6 neither (f,Ψ) nor (f,Φ1) is globular. Both (f,Ψ) and
(f,Φ1) are globularily equivalent to the horizontal composition of strictly less
than k morphisms in the m− 1-th vertical category V
Cob(n)
m−1 associated to
Cob(n). Let M1 and N1 be the domain and codomain of (f,Φ1) and let M2
and N2 be the domain and codomain of (f,Ψ1). By induction hypothesisM1
andM2 are both globularily diffeomorphic to the horizontal identity iX of X
and both N1 and N2 are globularily diffeomorphic to the horizontal identity
iY of Y . It follows that M2 ∗M1 is globularily diffeomorphic to the hori-
zontal identity iX of X and that N2 ∗N1 is globularily diffeomorphic to the
horizontal identity iY of Y . Finally, by the exchange property in Cob(n) we
conclude thatM and N are globularily diffeomorphic to horizontal identities
iX and iY of X and Y respectively.
Suppose now that (f,Φ) is a general element of the m-th vertical cate-
gory V
Cob(n)
m associated to Cob(n). In that case write (f,Φ) as a vertical
composition
(f,Φ) = (fk,Φk) ◦ ... ◦ (f1,Φ1)
where (fi,Φi) is an element of H
Cob(n)
m for every i. Moreover, assume that
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the length k of this decomposition is minimal. We again proceed by induction
on k. If k = 1 then (f,Φ) is an element of H
Cob(n)
m . Suppose now that k is
strictly greater than 1 and that the existence of a non-globular globularily
generated diffeomorphism in the m-th vertical category V
Cob(n)
m associated
to Cob(n), between manifolds X and Y , that can be written as a vertical
composition of strictly less than k diffeomorphisms in H
Cob(n)
m implies the
conclusion of the lemma for X and Y . Write (g,Ψ) for composition (fk,Φk)◦
... ◦ (f2,Φ2). In that case (f,Φ) is equal to vertical composition (g,Ψ) ◦
(f1,Φ1). Moreover, from the assumption that (f,Φ) is not globular it follows
that one of (g,Ψ) or (f1,Φ1) is non-globular. Assume first that (g,Ψ) is
globular. In that case source and taget of (f1,Φ1) are both equal to f . By
induction hypothesis the domain and codomain of (f,Φ1) are globularily
diffeomorphic to the horizontal identity iX of X and the horizontal identity
iY of Y respectively. The domain of (f,Φ) is equal to the codomain of
(f,Φ1) and (g,Ψ) defines a globular diffeomorphism between the codomain
of (f,Φ) and the codomain of (f1,Φ1). We conclude that in this case, the
existence of non-globular globularily generated diffeomorphism (f,Φ) implies
the existence of a globular diffeomorphism between M and the horizontal
identity iX of X and between N and the horizontal identity iY of Y . The
case in which it is assumed that (f1,Φ1) is globular is handled analogously.
Suppose now that neither (g,Ψ) nor (f1,Φ1) are globular. In that case,
the induction hypothesis implies that there exists a globular diffeomorphism
between M , which is the domain of (f1,Φ1), and the horizontal identity iX
of X and that there exists a globular diffeomorphism between N , which is
the codomain of (g,Ψ), and the horizontal identity iY of Y . This concludes
the proof. 
As a consequence of lemma 6.1, in order to compute the globularily gen-
erated piece γCob(n) of double category Cob(n) it is enough to compute
the collection of non-globular globularily generated diffeomorphisms between
horizontal endomorphisms globularily diffeomorphic to horizontal identities
of closed n-dimensional manifolds. This is achieved in the following propo-
sition.
Proposition 6.2. Let n be a positive integer. Let X and Y be closed n-
dimensional manifolds. Let M be a cobordism from X to X and let N be a
cobordism from Y to Y . Suppose that N is globularily diffeomorphic to the
identity cobordism iX associated to X and that N is globularily diffeomorphic
to the identity cobordism iY associated to Y . In that case every horizontal
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endomorphism from M to N , in double category Cob(n), is globularily gen-
erated and has vertical length equal to 1.
Proof. Let n be a positive integer. Let X and Y be closed n-dimensional
manifolds. Let M be a cobordism from X to X, globularily diffeomorphic
to the horizontal identity iX associated to manifold X and let N be a cobor-
dism from Y to Y , globularily diffeomorphic to the horizontal identity iY
associated to Y . We wish to prove, in this case, that every 2-morphism,
in double category Cob(n), from M to N , is globularily generated and has
vertical length equal to 1.
We first prove the proposition for the case in which M and N are equal
to the horizontal identity cobordisms iX and iY respectively. Let (f,Φ) :
iX → iY be a 2-morphism, in Cob(n), from iX to iY . In that case the
equivariant morphism (idX , (f
−1 × id[0,1])Φ) is a globular endomorphism of
the horizontal identity iX of X making the following triangle
iX iY
iX
(f,Φ)
(idX , (f
−1
× id[0,1])Φ) (f, f × id[0,1])
commute. Since (idX , (f
−1 × id[0,1])Φ) is globular and (f, f × id[0,1]) is the
horizontal identity if of diffeomorphism f of X, we conclude that (f,Φ) is
globularily generated and that its vertical length is equal to 1.
Suppose now that M is a general cobordism from X to X globularily
diffeomorphic to the horizontal identity iX of X and that N is a general
cobordism from Y to Y , globularily diffeomorphic to the horizontal identity
iY of Y . Let (f,Φ) : M → N be a general 2-morphism, in Cob(n), from
M to N . Let (idX , ϕ) : M → iX be a globular diffemorphism from M to
the horizontal identity iX of X and let (idY , φ) : N → iY be a globular
diffeomorphism from N to the horizontal identity iY of Y . In that case
composition (f,Ψ) = (idY , φ)(f,Φ)(idX , ϕ
−1) is a 2-morphism from the hor-
izontal identity iX of X to the horizontal identity iY of Y and is thus a
morphism in the first vertical category V
Cob(n)
1 associated to Cob(n). We
conclude that (f,Φ) = (idY , φ
−1)(f,Ψ)(idX , ϕ) is also a morphism in the
first vertical category V
Cob(n)
1 associated to Cob(n). This concludes the
proof. 
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By lemma 4.4, proposition 6.2 provides an explicit description of the glob-
ularily generated piece of double categories of the form Cob(n). We now
compute, using a procedure analogous to the one used to compute the globu-
larily generated piece γCob(n) of double categories of the form Cob(n), the
globularily generated piece γAlg of double category Alg of complex alge-
bras, unital algebra morphisms, bimodules, and equivariant bimodule mor-
phisms. We make the same considerations regarding horizontal equivariant
endomorphisms inAlg as we did with horizontal equivariant endomorphisms
in Cob(n).
Given algebras A and B, a left-right A-bimodule M and a left-right B-
bimodule N , we say that an equivariant morphism (f, ϕ) :M → N from M
to N , is 2-subcyclic if there exists a cyclic A-submodule L of N , considering
N as an A-bimodule via f , and a cyclic B-submodule K of N such that
inclusions Imϕ ⊆ L ⊆ K hold. Horizontal identities of algebra morphisms
are examples of 2-subcyclic equivariant morphisms. Pair (i, i2) formed by
inclusion of Z in Q and inclusion of Z2 in Q2 is an example of an non-2-
subcyclic equivariant morphism from Z-bimodule Z2 to Q-bimodule Q2.
In order to explicitly compute the globularily generated piece γAlg of double
category Alg, by proposition 4.4, we again need only to compute collection
of non-globular, globularily generated 2-morphisms between horizontal en-
domorphisms in Alg. We begin with the following lemma.
Lemma 6.3. Let A and B be algebras. Let M and M ′ be left-right A-
bimodules and let N and N ′ be left-right B-bimodules. Let (f, ϕ) : M →
N be an equivariant morphism from M to N and let (f, ϕ′) : M ′ → N ′
be equivariant morphism from M ′ to N ′. If both (f, ϕ) and (f, ϕ′) are 2-
subcyclic then relative tensor product (f, ϕ⊗f ϕ
′) is 2-subcyclic.
Proof. Let A and B be algebras. Let M and M ′ be left-right A-bimodules
and let N and N ′ be left-right B-bimodules. Let (f, ϕ) : M → N and
(f, ϕ′) : M ′ → N ′ be quivariant morphisms from M to N and from M ′ to
N ′ respectively. Suppose both (f, ϕ) and (f, ϕ′) are 2-subcyclic. We wish to
prove in this case that the relative tensor product (f, ϕ⊗f ϕ
′) is 2-subcyclic.
Let L,L′ and K,K ′ be bimodules such that L and L′ are A-cyclic sub-
modules of N and N ′ respectively and such that K and K ′ are B-cyclic
submodules of N and N ′ respectively. Moreover, let L,L′ and K,K ′ satisfy
inclusions Imϕ ⊆ L ⊆ K and Imϕ′ ⊆ L′ ⊆ K ′ respectively. The relative
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tensor product L ⊗A L
′ is an A-cyclic submodule of N ⊗A N
′, the relative
tensor product K ⊗B K
′ is a B-cyclic submodule of N ⊗B N
′, L ⊗A L
′ is
contained in K ⊗′B K
′, and finally Imϕ⊗f ϕ
′ is contained in L⊗A L
′. This
concludes the proof. 
Proposition 6.4. Let A and B be algebras. Let M be left-right A-bimodule
and let N be a left-right B-bimodule. In that case collection of non-globular
globularily generated equivariant morphisms from M to N is precisely the
collection of non-globular 2-subcyclic equivariant morphisms from M to N .
Moreover, every globularily generated equivariant morphism from M to N
has vertical length equal to 1.
Proof. Let A and B be algebras. LetM be a left-right A-bimodule and letN
be a left-right B-bimodule. We wish to prove that collection of non-globular
globularily generated equivariant morphisms from M to N is precisely the
collection of non-globular 2-subcyclic equivariant morphisms from M to N .
Moreover, we wish to prove that every globularily generated equivariant
morphism from M to N has vertical length equal to 1.
We first prove that every non-globular 2-subcyclic equivariant morphism
from M to N is globularily generated. Let (f, ϕ) :M → N be non-globular
and 2-subcyclic. Let K be a B-cyclic submodule of N and let L be an
A-cyclic submodule of K such that inclusions Imϕ ⊆ L ⊆ K hold. Let j
denote the inclusion of K in N . Let ϕ denote the codomain restriction of ϕ
to K. Thus defined j is a globular and equivariant morphism (f, ϕ) makes
the following triangle:
M N
K
(f, ϕ)
(f, ϕ) (idB , j)
commute. Denote now by j′ the inclusion of L in K and denote by ϕ˜ the
codomain restriction of ϕ to L. Thus defined j′ is globular, and equivariant
morphism (f, ϕ˜) makes the following triangle:
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M K
L
(f, ϕ)
(f, ϕ˜) (idA, j
′)
commute. The following square:
M N
L K
(f, ϕ)
(f, ϕ˜)
(idA, j
′)
(idB , j)
is thus commutative. Commutativity of this square is clearly equivalent to
commutativity of square:
M N
L K
(f, ϕ)
(idA, ϕ˜)
(f, j′)
(idB , j)
Left and right hand sides of this last square are Globular. Finally, triangle:
L K
K
(f, j′)
(f, f) (idB , j
′)
commutes, which proves that equivariant morphism (f, j′) is a morphism
in the first vertical category V
Alg
1 associated to Alg. We conclude that
the 2-subcyclic equivariant morphism (f, ϕ) is globularily generated and has
vertical length equal to 1.
36
We now prove that every non-globular globularily generated equivariant
morphism from M to N is 2-subcyclic. Let (f, ϕ) :M → N be non-globular
and globularily generated. Assume first that (f, ϕ) is an element of H
Alg
1 .
From the assumption that (f, ϕ) is non-globular it follows that (f, ϕ) is the
horizontal identity of an algebra morphism and thus is 2-subcyclic. Suppose
now that (f, ϕ) is a general morphism in the first vertical category V
Alg
1
associated to Alg. We wish to find, in this case, an A-cyclic submodule L
of N and a B-cyclcic submodule K of N such that inclusions Imϕ ⊆ L ⊆ K
hold. Write (f, ϕ) as a vertical composition of the form:
(idB , ψk+1) ◦ (fk, φk) ◦ ... ◦ (f1, φ1) ◦ (idA, ψ1)
as in lemma 4.6 where fi is an algebra morphism for every i ≤ k. Write (f,Φ)
for composition (fk, φk) ◦ ... ◦ (f1, φ1). Thus defined (f,Φ) is an equivariant
morphism from left-right A-bimodule AAA to left-right B-bimodule BBB .
Now make K to be equal to the image Imψ1 of ψ1 and make L to be equal
to the image ImΦψ of composition Φψ. Thus defined K and L satisfy the
conditions required. We conclude that every equivariant morphism in the
first vertical category V
Alg
1 associated to Alg is 2-subcyclic. From this and
from lemma 6.3 it follows that every globularily generated equivariant mor-
phism between M and N is 2-subcyclic. The fact that every non-globular
globularily generated 2-morphism in Alg has vertical length equal to 1 fol-
lows from this and from the first part of the proof. This concludes the proof.

Proposition 6.4 provides an explicit description of the globularily gener-
ated piece γAlg of double category Alg. A similar computation provides
a complete description of the globularily generated piece γ[W ∗]f of dou-
ble cateogory [W ∗]f of semisimple von Neumann algebras, finite algebra
morphisms, bimodules, and equivariant bimodule morphisms. Examples of
globularily generated double categories having 2-morphisms of vertical length
strictly greater than 1 will be studied in subsequent papers.
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